In this paper we describe the calculation of the process e + e − → Z/γ → QQ + X, where Q is a heavy quark, at order α 2 s .
Introduction
Radiative corrections to jet production in e + e − annihilation were computed a long time ago [1, 2, 3] . These calculations were, however, performed for massless quarks.
In most practical applications this is sufficient, since, at relatively low energy, the b fraction is strongly suppressed, and at high energy (i.e. on the Z peak and beyond) mass effects are suppressed. Nevertheless there are several reasons why a next-toleading-order calculation is desirable. First of all, at sufficiently high energies, top pairs will be produced and mass effects there are very likely to be important. A second reason is to understand the relevance of mass corrections, due to bottom production, to the determination of α s from event shape variables. As a third point, quantities such as the heavy-flavour momentum correlation [4, 5] , although well defined in the massless limit, cannot be computed using the massless results of refs. [1, 2, 3] .
In this paper we describe a recently completed next-to-leading-order calculation of the heavy-flavour production cross section in e + e − collisions, including quark mass effects. Very recently, two calculations have appeared in the literature that address the same problem [6, 7, 8] . They both use a slicing method in order to deal with infrared divergences. In our work, we preferred to use a subtraction method, since, in this way, we do not need to worry about taking the limit for small cutoff parameters 2 .
We were able to perform a partial comparison of our result with that of ref. [6] , and found satisfactory agreement. In the older work of ref. [10] , a calculation of the process e + e − → QQgg has been given, but virtual corrections to the process e + e − → QQg were not included. In ref. [11] , the NLO corrections to the production of a heavy quark pair plus a photon are given, including both real and virtual contributions.
The paper is organized as follows. In Section 2 we give a brief outline of the calculation. In Section 3 we introduce our kinematical definitions and conventions. In Section 4 we present a somewhat detailed description of the calculation. In Section 5 we describe a few checks on our result. Finally, Section 6 contains some concluding remarks.
2 Subtraction methods for the calculation of radiative corrections to e + e − → jets have been used in refs. [1, 9] , and they have also been successfully employed in the calculation of hadronic production processes.
Generalities
We begin by showing in Fig. 1 the Feynman diagrams for a Born term (a), a virtual correction term (b) and two real next-to-leading contributions (c,d). Next-to-leading Figure 1 : Some of the diagrams contributing to the process Z/γ → QQ + X:
a Born graph (a), a virtual graph (b), a real emission graph (c) and a real emission graph with light quarks in the final state (d).
corrections arise from the interference of the virtual graphs with the Born graphs, and from the square of the real graphs. Observe that we always deal with the cross section for the production of the heavy quark pair plus the emission of at least one extra particle (i.e. a gluon or a quark). The inclusion of virtual graphs with only a QQ pair in the final state is not needed if one computes three-jet-related quantities. Furthermore, since we deal with unoriented shape variables, the kinematics of these virtual graphs is fully specified, and in order to account for them it is enough to include, in the final result, a two-body contribution normalized in such a way that one obtains the correct total heavy-flavour cross section at order α 2 s (see [12] and references therein).
Virtual graphs, besides the usual ultraviolet divergences (which are removed by renormalization), also have infrared and collinear divergences. These cancel when suitable infrared-safe final-state variables are considered. Our treatment of the infrared cancellation is such that the final result is expressed as a partonic event generator, in which pairs of weighted correlated events are produced. Shape variables are computed independently for each generated event, and histogrammed with the corresponding weight. Infrared-safe shape variables give rise to finite distributions. No arbitrary cutoff is needed in this calculation in order to implement the cancellation of virtual and real infrared divergences, since this cancellation takes place between the two correlated events. Therefore, one does not have to worry about taking the limit for a vanishing soft cutoff. This method is similar to the one of ref. [9] , which was used there to compute a large class of shape variable distributions for the LEP experiments.
At next-to-leading order, several complications arise that must be considered. In fact, heavy flavours may also be produced by a gluon splitting mechanism, and diagrams with four heavy quarks in the final state are also present. Interferences between gluon splitting and direct production should also be considered. It is useful, however, to separate the various contributions in the following way. We examine each contribution in terms of cut Feynman graphs, which represent, individually, a single contribution to the cross section. We classify the cut graphs according to the following types:
A) Contributions where the electroweak currents in the cut graphs are coupled to the same heavy-flavour loop, and there is a single QQ pair in the final state. These contributions are the most complex from the point of view of renormalization and soft and collinear divergences. They constitute the hard part of the calculation. They include graphs in which a pair of gluons or a pair of light quarks is present in the final state. We will call them A-type. We show some of them in Fig. 2 .
B) Contributions where there are two QQ pairs in the final state. These include cut graphs with a single heavy-flavour loop coupled to the weak currents, graphs with two heavy-flavour loops, one of which is coupled to the weak currents, and graphs with two heavy-flavour loops, where each loop is coupled to one weak current. These contributions are finite, and their computation is a straightforward algebraic problem. We will call them B-type. We have collected some of them in Fig. 3 .
C) Contributions where the electroweak currents are coupled to light quarks. Also these contributions are finite, and easy to compute. The heavy-flavour pair in the final state is generated by gluon splitting. We will call them C-type.
D) Interference between terms in which the weak current is coupled to the heavy quarks and to quarks of different flavours. These terms have the structure of Fig. 4 . By Furry's theorem, they must vanish for vector currents. For axial currents, they cancel in pairs of up-type and down-type quarks, because they have opposite axial coupling. Thus, the up-quark contribution cancels with the down quark, and, if the charm mass is neglected, the charm contribution cancels with the strange. Only the graph with a top quark loop remains. We call these graphs D-type.
E) Graphs with two heavy-flavour loop coupled to the weak current, one of which is virtual. We call these graphs E-type. They pair naturally with the D-type graphs with the top loop, since in cases of practical interest the top loop is also virtual.
Most of the following discussion will deal with A-type graphs, since the other cases are either straightforward, or they have already been considered in the literature. For example, graphs of B and C type have been computed in ref. [10] , and graphs of type D and E have been considered in ref. [13] . There is, however, one extra contribution that should be considered together with the A-type graphs, that is to say, virtual graphs in which a heavy-flavour loop corrects the gluon propagator. These graphs are ultraviolet divergent, and so their inclusion is mandatory if one wants to have the complete cancellation of ultraviolet divergences after renormalization. We will discuss this contribution in detail when we deal with renormalization.
A-type graphs contain ultraviolet, soft and collinear divergences that must be regulated. Soft divergences arise when, in addition to the basic QQg final state, an extra soft gluon is emitted, giving rise to a real soft divergent contribution. Collinear singularities arise when the final-state gluon in the QQg process undergoes a real (virtual) splitting into either a gg pair or apair. In the first case, the collinear gluon can also be soft, so that collinear singularities can overlap with soft singularities.
In order to regularize all singularities we used dimensional regularization. At first sight, this procedure would seem in conflict with the presence of the axial coupling. In fact, for the class of graphs of A-type, there is a simple trick to avoid this problem. First of all, we notice that for unoriented shape variables the axial-vector interference cannot contribute. In fact, for the three-parton final state there are not enough momentum vectors to construct an invariant with an ǫ symbol. For the four-parton final state one could in principle build such an invariant, but the cross section must be symmetric in the light parton momenta, so that such an invariant cannot survive. We then consider the case of a generic vector current coupled to two fermions with different masses m 1 and m 2 . One can then easily convince oneself that the case of the axial coupling can be obtained by setting m 1 = m and m 2 = −m, since one can turn −m into m by a chiral rotation. This procedure is bound to work if there are no anomalies involved in the calculation, and this is certainly the case for our Atype graphs. We will therefore proceed to compute the O(α 2 s ) three-and four-body contributions in d = 4 − 2ǫ dimensions. We will get a result of the form
(2.1)
where the suffix 3 and 4 refers to the three-and four-body contributions. The ultraviolet, collinear and soft singularities will manifest themselves as single and double poles in 1/ǫ in the three-body contribution, and as singularities arising from the phase-space integration in the four-body contribution. We will call q the total incoming invariant momentum and p, p ′ the momenta of the outgoing heavy quark and antiquark. Furthermore, we introduce the variables
Here y characterizes the mass of the light system accompanying the heavy-quark pair. Thus, for Born and virtual graphs we will always have y = 0.
In addition
where Y represents the other two variables that are necessary to describe the fourbody final state. In order to implement the cancellation of the soft and collinear singularities, we now imagine to compute some physical quantity G, function of the final-state variables. The reader may think of G as the combination of theta functions that characterize a histogram bin for some infrared-safe shape variable. In general the definition of G will be specified for any number of particles in the final state. Since we are only dealing with three-and four-parton final states, as far as we are concerned here, G is characterized by only two functions, G (3) (x 1 , x 2 ) and G (4) (x 1 , x 2 , y, Y ). Soft and collinear finiteness of G will require that
We will have
where each term on the right-hand side contains soft and collinear divergences that cancel in the sum. This formula will be rewritten in the following way:
is chosen in such a way that it has the same soft and collinear singular part as σ (2) 4 , or, schematically 
4 /dΦ 4 , and one three-body event with kinematics x 1 , x 2 (and y = 0), and weight −dσ (2) 4 /dΦ 4 . The computation of a shape variable using the above scheme reproduces exactly the second term of eq. (2.7).
Kinematics

Three-body kinematics
We consider the following three-body process
where Q is the massive quark, and the momenta of the particles satisfy
Since we are interested in unoriented shape variables, we can express the three-body phase space in terms of two variables, which we choose to be
Defining in addition
the three-body phase space in d = 4 − 2ǫ dimensions takes the form
where:
Four-body kinematics
The four-body processes we are considering are
where q is the massless quark. The momenta satisfy
In the centre-of-mass system of the two massless particles, we have
where the dots indicate d − 3 equal and opposite components in the expression for l and k, and d − 3 zeros in the expression for p and p ′ .
To describe the unoriented four-body phase space, we need five independent variables, which we choose to be
We thus have
and
and defining
(3.13) As can be seen from Fig. 5 , the integration region is split into two parts, one of which (region I) is characterized by the same x 1 and x 2 integration limits as the three-body phase space. In this region, the variable y can reach 0, and therefore collinear and soft divergences arise.
Sometimes we will need an analogous set of final-state variables, in which the role of p and p ′ are interchanged. The variable y remains the same, x 1 and x 2 are exchanged, and the other two variables, denoted by v ′ and φ ′ , are related to v and φ by the equations
Exchanging instead the roles of l and k brings about the following transformations:
Outline of the calculation
The amplitude for the process can be written (up to an irrelevant phase)
where f refers to states with four-momentum q. We use the notation
where g is the electromagnetic coupling, T 3i is the third component of the (left) isospin of fermion i, c i is its electric charge in units of the positron charge and θ W is the Weinberg angle. Since we are interested in unoriented events, and following the assumptions described in Section 2, we can neglect the axial-vector interference in the square of the amplitude. From eq. (4.1) we get the following cross section, averaged over the incoming electron beam direction
where α is the electromagnetic coupling constant and N c = 3 is the number of colours. In addition
We have also defined
where dφ n represents the n-body phase space, and f n represents an n-body final state. The q µ q ν term in the projector in eq. (4.2) is, of course, irrelevant for the vector current component, but it should be kept for the axial current when the quark mass is non-zero.
In the following we will be interested in strong corrections up to the second order, and into the final states: QQ, QQg, QQgg and QQqq. We will use the following simplified notation:
and equivalent ones for the dT V /A terms.
We will drop the V /A suffix when not referring specifically to the axial or vector contribution.
QQ cross section
From the amplitude
where
, we obtain the two-body cross section at zeroth order in α s . We get
where ρ is defined in (3.3) and
Multiplying eq. (4.4) by the 2-body phase space β/(8π) we get the zeroth-order total cross section T (2)
Thus, our choice for the normalization factor in eq. (4.2) is such that, in the massless limit, T
QQg cross section at order α s
This is obtained starting from the amplitude
We define
where the sum refers to the spin of the fermions in the final state.
The sum over the gluon polarization is
We will need M V /A in d = 4 − 2ǫ dimensions. We have
where x 1 , x 2 and x g are defined by (3.8) and (3.11). The three-body, order-α s cross section is given by
where µ is the mass parameter of dimensional regularization and
for an SU(3) gauge theory.
We introduce a unit, purely space-like vector j lying in the event plane (i.e. the plane defined by p, p ′ and k), and orthogonal to k
In the following, we will need M j V /A , but only in four dimensions
We also define, consistently with our previous notation
In the cases when the V /A suffix needs not be specified, we will simply write M
Virtual contributions
Corrections to the three-jet decay rate to order α 2 s come from the interference of the one-loop graphs with the tree-level ones. These terms have been computed in d = 4 − 2ǫ dimensions. The algebra has been carried out in a straightforward way, using a MACSYMA program, which reduces the original Feynman graphs to a linear combination of scalar, one-loop integrals. The scalar integrals have been computed analytically. Their values are listed in Appendix E. Loop corrections to on-shell external lines require particular attention. First of all, gluon and light fermions selfenergy corrections to external gluon lines vanish in dimensional regularization. Only the corrections coming from a heavy-flavour loop need be considered. We proceed as follows. We compute the self-energy correction for a gluon propagator of small virtuality. We obtain, for the corrected propagator, 17) where
and the colour factor T F = 1/2.
From this equation we immediately infer that the contribution to M v coming from the self-energy correction to the external gluon line amounts to
A similar consideration applies to the self-energy corrections to heavy-flavour external lines. In this case one finds
The infinite mass correction should be removed by the mass counterterm. We define the Feynman rule for the mass counterterm to be given by an insertion of −im c in the fermion propagator, where
This precisely cancels the δm term in eq. (4.20), so that the pole of the propagator is not displaced by radiative corrections, and m corresponds to the pole mass definition. Thus, the effect of the fermion self-energy correction to an external line, including the effect of the mass counterterm, is given by
To complete the computation of virtual corrections, the diagrams with a mass counterterm insertion in internal fermion lines should also be included. After that, charge renormalization is all that is needed, since we are computing a physical cross section. We carry out the charge renormalization in the mixed scheme of ref. [14] , in which the light flavours n lf are subtracted in the MS scheme, while the heavy-flavour loops are subtracted at zero momentum. In this scheme the heavy flavour decouples at low energy. The prescription for charge renormalization in this scheme is
where C A = N c = 3 for an SU(3) gauge theory. It amounts to adding the following correction to our virtual term
Observe that in this scheme the term corresponding to the heavy-flavour loop compensates exactly the self-energy correction to the external gluon line, coming from the heavy-flavour loop. This is easily understood: the final-state gluon is on the mass shell, so it is effectively renormalized at zero momentum by the heavy quark loop, and thus decoupling applies. We can now resume the combined effect of external line corrections and renormalization to be included with
The factor of 2 in front of the fermion external line corrections is to account for the two fermion lines.
Soft and collinear limit of the QQgg and QQqq cross sections
Here we derive an expression for the singular part of the four-body cross section, valid in both the collinear and the soft limit. These limits are both characterized by y → 0, except that in the soft limit, at the same time v → 0 (l → 0) or v → 1 (k → 0). We will focus our discussion on the QQgg final state. The other process QQqq is much simpler, since only collinear singularities are present there. Since the same formulae apply irrespective of the vector or axial case, we will always drop the V /A suffix.
We begin with the soft singularities of M gg . They are given by eq. (D.5), which we now rewrite
From Section 3, we can derive an approximation of the scalar products in the limit of l soft
We will also need analogous formulae in the variables in which the roles of p and p ′ are interchanged. We have
Soft factors for the case when k is soft are instead obtained from the above using eqs. (3.16). For example
We can now write down our approximate soft cross section. We have
The soft cross section written in this way is symmetric under the interchange of k and l, and of p and p ′ .
The collinear part of the cross section receives contributions from both the gg and thefinal state. For the gg contribution, according to eq. (B.10), we can write the collinear part
where z is the momentum fraction of l versus l + k in the collinear limit. It can be chosen to be equal to v or to v ′ .
The perpendicular direction refers instead to a direction orthogonal to l + k in the centre-of-mass system and in the collinear limit. Using eq. (4.13), the azimuthdependent term of (4.30) becomes
It is now easy to show that, in the collinear limit, (
Part of the collinear singularities are already contained in the soft-limit expression. In fact, for y → 0 at v fixed, we have
Thus, the 1/z and 1/(1 − z) terms in the collinear limit formula (4.30) should not be included, since they are already present in the soft term. We thus arrive at the following expression for the collinear term to be added to the soft term
An analogous procedure yields an expression for the collinear part of M(see eq. (C.2)) . These expressions are meaningful only if x 1 and x 2 belong to the domain of the three-body phase space. We thus define
where the θ 3 function is precisely defined to be zero when x 1 and x 2 are outside the three-body phase-space region. More specifically, using the definitions of eqs. (3.12)
We are now in a position to specify the subtraction procedure outlined in Section 2.
Our expression for the second-order contribution to an infrared-and collinear-safe quantity G is given by
where all quantities are computed in d = 4 − 2ǫ dimensions. The factor 1/2 in front of the gg contribution accounts for the two identical gluons in the final state. We rewrite the above expression as 1 2
where we have defined
and dΦ 4/3 is defined by
An explicit expression for dΦ 4/3 can be obtained from eqs. (3.13) and (3.4). We first notice that the four-body phase space is almost proportional to the three-body phase space, except for the ratio
On the other hand, terms of order yǫ can be neglected, since they cannot generate infrared singularities, because of the y factor, and therefore they can only produce terms of order ǫ. Thus we can write
or the analogous one in the v ′ , φ ′ variables. The normalization factor N ǫ is defined in (4.18), while
Since we are free to choose the set of variables we prefer in the dΦ 4/3 integration, it is easy to see that the M i (x 1 , x 2 ) term reduces to
where the term proportional to M j has been dropped, since it vanishes in d = 4 − 2ǫ dimensions, after the azimuthal integration.
Furthermore, the remaining collinear term is easily integrated. We define
For the integrals of the soft term we define
and the analogous ones for I p,p;l and I p,p ′ ;l . In this way
where the values of I 1 , I 2 and I 3 are collected in Appendix F.
Our final expression for
M i (x 1 , x 2 ) is therefore M i (x 1 , x 2 ) = N ǫ R ǫ g 2 s µ 2 q 2 ǫ 2C A I coll gg + 2 n lf T F I coll+ 2C A I p,k;l + 2(C F − C A /2)I p,p ′ ;l − 2C F I p,p;l × M b .
Checks of the calculation
Several checks have been performed to control the correctness of our results.
1. The divergences coming from UV and IR poles all cancel.
2. The full calculation, as m → 0, agrees with the massless result of ref. [1] .
3. Our four-dimensional matrix elements for the processes e + e − → Z/γ → QQgg and e + e − → Z/γ → QQQQ agree with ref. [10] . Furthermore, the soft and collinear limits of the four-body matrix elements for the process Z/γ → QQ plus two light partons are correctly given by formulae (4.35).
4. Near the production threshold, we should recover the Coulomb singularity. If β is the velocity of the two massive quarks in the fermion centre-of-mass system, then (see ref. [15] )
By evaluating (p+p ′ ) 2 in the centre of mass of the two massive quarks, for small β, we get
Choosing for example x 1 = x 2 we have
By letting β get smaller and smaller we have checked that the behaviour of the virtual differential cross section is in agreement with eq. (5.1).
A further check is described in detail in ref. [16] .
Conclusion
In this paper we have described a next-to-leading-order calculation of the heavyflavour production cross section in e + e − collisions, including quark mass effects. Some applications of our calculation have appeared in the literature [5] , [16] .
We have used a subtraction method instead of a slicing method, in order to avoid having to worry about taking the limit of some small parameters. We have performed several checks on the correctness of our results. Among them, the small mass limit of the energy-energy correlation is of particular significance, since, for this quantity, some discrepancies among different approaches are still present (see ref. [17] ).
-25-Appendix A: Phase space for four massive quarks For completeness, we describe in this appendix the phase space for four massive quarks in the final state. The process is
The four-body phase space is obtained with a procedure similar to the one given in Section 3, with the simplification that now the entire cross section has no infrared or collinear divergences, so that we can put ourselves directly in d = 4 dimensions and we do not need to divide the phase-space region into two different pieces. In the centre-of-mass frame of one heavy quark-antiquark pair we have r = (r 0 , |r| sin θ sin φ, |r| sin θ cos φ, |r| cos θ) r ′ = (r 0 , −|r| sin θ sin φ, −|r| sin θ cos φ, −|r| cos θ) 
A statistical factor 1/(2!2!) = 1/4 must be supplied to (A.2), because of the presence of two pairs of identical particles in the final state.
Appendix B: Collinear limit for g→gg splitting In this appendix we will derive the singular part of the square of the invariant amplitude when two collinear gluons are produced. In the collinear limit, the amplitude for the emission of two gluons in the final state can be decomposed into two parts: the first one contains the graphs where the two gluons are emitted by a single virtual one (see Fig. 6 ), and the other one contains all the other graphs
(B.1) where a and b are the colour indices of the final gluons, P is the spin projector of the gluon propagator, g s is the strong coupling constant, f abc are the structure constants of the SU(3) gauge group, ǫ andǭ are the polarization vectors of the final gluons, and Γ µνγ is the Lorentz part of the three-gluon vertex
Only the first term of (B.1) is singular in the collinear limit. We want to stress the fact that this term is singular in the soft limit too. Therefore one has to be careful, when considering the soft and collinear limit of the square amplitude, not to include this contribution twice.
We introduce two light-like vectors
and choose c = 1/4, so that 2 t · η = 1. We then decompose
We will work in the light-cone gauge, characterized by the light-like vector η, because, in this gauge (as we will see), the interference of the divergent term of (B.1) and of the finite term R does not contribute to the singular part.
The gluon spin projector is then written
We write l and k as
with k ⊥ such that t · k ⊥ = η · k ⊥ = 0. By imposing that k 2 = l 2 = 0 and that
From (B.4) and (B.6) we finally obtain
(B.7)
Considering that
with the help of eq. (B.7) we can rewrite the amplitude (B.1)
Observe that the first term is of order 1/ √ y , so that a singularity with strength 1/y can arise only from the square of the first term, and the interference term does not contribute. Furthermore, we can now substitute
Remembering that η · ǫ = η ·ǭ = 0, we can write A ab in the form
where only the term contributing to the singularity has been kept.
By squaring the amplitude and summing over the colours and spins of the final gluons, we obtain, for the collinear singular part
where we have used the gauge invariance t σ A σ c (t) = 0 to write the following identity
The first term of (B.9) is recognized to be the Altarelli-Parisi splitting function for the gluon-gluon process, in d = 4 − 2ǫ dimensions. The second term vanishes after azimuthal average in 4 − 2ǫ dimensions.
Coming now to our problem, we can further specify the structure of A σ c (t)A * σ ′ c (t). In fact, by using eq. (4.16), we can write (B.9) in the following form
Following the same steps as in the previous appendix, we can give the approximation of the square of the amplitude in the limit of a collinear couple of massless quark-antiquark. The invariant amplitude is
where P is given by (B.5) and t c are the generators of SU (3) gauge symmetry. By squaring this amplitude and summing over the spins and colours of the final quarks, we obtain
where t c are normalized such that Tr
Considering now eqs. (B.6), we see that, in the collinear limit, the trace is of the order of y, so that the singular part can be obtained by putting y = 0 in the rest of the numerator
where we have used the definition of t given in eq. (B.4). Evaluating the trace and keeping in the numerator only the terms proportional to y, we obtain
Here again we can recognize the Altarelli-Parisi kernel for g →splitting.
As done before for eq. (B.9) , we can specify this formula to the problem we are studying. With the same substitutions made to go from eq. (B.9) to eq. (B.10), we can write
In this appendix we will derive the divergent part of the invariant amplitude for the process
in the limit when the momentum l of the gluon is soft. A soft singularity appears only if the soft gluon is emitted from one of the external legs. If the emitting external particle is the gluon, the amplitude of the process, in the Feynman gauge, is
where we have added to eq. (B.1) the colour indices i, j of the produced quarks.
As l goes to zero, this term develops a singularity. By using the gauge condition k σ A ij cσ (k) = 0 and the transversality k µ ǫ µ (k) = 0, we can write the amplitude as
Similarly, if we consider the emission of a soft gluon of colour index b from an external quark leg with momentum p and colour index i, that is
we can write the invariant amplitude
whereÃ refers to the rest of the process from which the quark external line takes origin.
In the limit of l going to zero, we can rewrite this amplitude as
where we have defined A aµ nj (p) =ū(p)Ã aµ nj (p). In the same way, we can obtain the limit of the amplitude for the soft emission from an antiquark with momentum p ′ and colour index j 
where we have disregarded the non-singular terms.
By squaring the amplitude and summing over the spins and colours of the final gluons and quarks, we have
where we have made use of eq. (4.16).
The same result applies in the case of k soft, once the interchange l ↔ k is made.
Appendix E: One-loop scalar integrals
We can classify the different types of scalar integrals according to the number of massive propagators in the loop and according to the "shape" of the loop: boxes (B) and triangles (T). We introduce the following kinematical invariants
where x 1 and x 2 are defined by (3.8) and x g by (3.11), and
Here we also give the absorptive parts of the integrals, although they do not contribute to the cross section. The integrals are computed in d = 4 − 2ǫ dimensions. Terms of order ǫ or higher have been dropped.
Defining the dilogarithm function as
and collecting the same factor
in front of each expression, we obtain
A partial check of the correctness of the above formulae can be performed in the following way. We consider first a check of B 2m . To this purpose, define I to be
If we impose that I has no infrared and collinear divergences, then
Solving this system
So I can be rewritten as
where the primed quantities are the same as before, with the substitution p ↔ p ′ , that is σ 1 ↔ σ 2 . The integral I is now convergent and the cancellation of the divergent part of the right-hand side can be checked directly (both in the real part and in the absorptive one). As far as the finite terms are concerned, the integral I can be reduced to a one-variable integral, using Feynman parametrization, and then integrated numerically to check the identity.
With the same reasoning, we can check B 3m . We introduce the integral
This integral has only soft divergences, which can be removed if we require that
Thus I becomes
The rest of the check is the same as before.
Appendix F: List of integrals for the soft contributions
We now summarize the values of the integrals required to isolate the singular pieces of the four-jet cross section, in the soft-gluon limit
where I ǫ , I φ , I x and I 1/x are finite quantities, defined by
For the definition of the constants appearing in these integrals, see Section 4.4 and Appendix E.
Appendix G: Results
We implemented our analytical result in a FORTRAN program, which behaves like a "partonic" Monte Carlo generator, analogous to the program EVENT [9] . We collect here some results obtained with our code, with which future users of the program may, eventually, compare their results. Furthermore, since for this kind of calculations it would be difficult to perform analytical comparisons, the only possible alternative is to choose a few shape variables, and compare numerical results, in the spirit of what has been done in ref. [17] for the case of the massless calculation.
We include in these results only the contributions from cut graphs of A-type, that is to say, from cut graphs in which the weak current couples to the same heavy-flavour loop, and there is a single QQ pair in the final state, which is the really hard part of the calculation. For the contributions involving two heavy-quark pairs in the final state, it is easier to compare directly the value of the matrix elements squared (this part of our program was in fact checked in this way with the program of ref. [10] ).
We have chosen a set of shape variables for which it should be easy to obtain quite accurate numerical results. We have fixed the centre-of-mass energy to be 100 GeV, and the mass of the heavy quark has been taken to be equal to 1, 10, 20 and 30 GeV. We present separately the results for a hypothetical vector boson with purely axial or purely vector couplings, normalized to the massless total cross section at the zeroth order in α s . We have chosen the following shape variables: the thrust t, the c parameter, the mass of the heavy jet squared M 2 h (according to the thrust axis), the energy-energy correlation EEC, the three-jet fractions according to the E, EM, JADE, and DURHAM schemes. For t, c, M 2 h and EEC we present moments, instead of distributions, because they can be obtained with higher precision. For thrust, for example, we thus compute, according to the notation of Section 4
We will further decompose
where the C A , C F and T F subscripts denote the C F C A , C 2 F and n f C F T F colour components. For some shape variables, the presence of massive particles in the final state may introduce ambiguities in the definition, owing to the fact that, in the massless case, energy and momentum can be interchanged. We thus refer to the exact definitions given in ref. [9] for t, c, M 2 h and in ref. [17] for the EEC. Moments are defined as
where the sum runs over all the final particles.
Clusters are defined in the following way. There is a resolution parameter y, which is computed for every pair of particles in the final state. One finds the pair for which y is minimum. If y < y cut the two particles are combined into a single pseudo-particle by adding up their four momenta. One thus computes
where X stands for E, EM, JADE or DURHAM, and N X (y cut ) is the number of pseudoparticles in the final state after the clustering procedure. The various clustering algorithms differ by the definition of the resolution parameter y E :
Observe that the E scheme is not infrared-safe if y cut < m 2 /q 2 . In fact, in this case, the configuration made up of two heavy quarks plus a soft gluon cannot be reduced to two pseudo-particles, since the recombination parameter will fail the cut, for any pair containing a massive quark. The cancellation of soft divergences cannot therefore work for these values of the cut parameter.
The results are given in Tables 1 to 9 . Table 6 : The E clustering algorithm. 
